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Abstract 

We calculate the a'^ corrections to the non-Abelian DBI action on the 
DS-hiane in the holographic dual of large A^^^ QCD proposed by Sakai and 
Sugimoto. These give rise to higher derivative terms, in particular, four 
derivative contact terms for the pion field with the coupling uniquely deter- 
mined. We calculate the pion-pion scattering amplitude near threshold. The 
results respecting unitarity are in qualitative agreement with the experimen- 
tal values. 
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A holographic dual of QCD with Nf massless quarks using a DA/DS- 
brane configuration in Typc-II-A string theory, within the framework of 
AdS/CFT, has been proposed by Sakai and Sugimoto [1,2]. This describes 
the low energy phenomena of large Nc QCD such as the spontaneous breaking 
of chiral U{Nf)L x U{Nf)ji symmetry to the diagonal subgroup [/(iV/)^^^. 
In this model, the ingredients are an U{Nf) five-dimensional Yang- Mills and 
Chern-Simons theory on a curved background, originating from the low en- 
ergy effective action on the probe D8-branes embedded into the D4 back- 
ground [3] . The entire tower of vector mesons and the pions are in a single 
U (Nf) gauge field in five dimensions, simplifying possible interaction struc- 
tures among mesons. 

In the AdS/CFT correspondence [4,5,6] scenario, the baryons are con- 
structed by D4-branes wrapped on non-trivial cycles [7,8]. In the Di/DS 
model [1,2], baryons are identified as D4-branes wrapped on a non-trivial 
4-cycle in the DA background, realising £)4-brane as a small instanton config- 
uration in the world-volume gauge theory on the probe D8-brane. The pion 
effective action obtained from the 5-dimensional YM theory is the Skyrme 
action [9] in which baryons appear as solitons, with the identification of the 
baryon number as a winding number and equivalent to the instanton number 
in the 5-d YM theory. 

The chiral lagrangian derived from the DA/DS-hranc model [1,2] is found 
to describe the axial coupling and the electromagnetic form factors of 
the nucleon [10,11]. Using the hedgehog ansatz [9,12] for the chiral field in 
the Skyrme model, the mass and the root-mean-square radius of the brane- 
induced Skyrmion compare well with the standard Skyrmion [13]. In the 
studies of the DA/D8 model [1,2] thus far, only the leading terms in the 
non-Abelian Dirac-Born-Infeld (DBI) action of the D8-brane, i.e., order of 
{27ra'y, have been considered to obtain a 4-dimensional action for pions, 
although higher order corrections have been considered in the fiuctuation 
analysis in background intersecting branes [14] and in the computation of 
soliton mass [11]. 

In this work, we include higher-order terms of the DBI-action up to 
{27ra'y to obtain a 5-dimensional D8-brane action. When this is apphed to 
pions, we obtain, besides the Skyrme action, two terms involving four pion 
fields, precisely of the form suggested by Weinberg [15] in his phenomenolog- 
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ical approach, thus bringing the holographic dual QCD in closer connection 
with the realistic QCD. The coupling strength of these terms are dimension- 
less and their values uniquely determined. It is to be noted that while in the 
phenomenological lagrangian approach, it was necessary to arrange all the 
pion couplings as derivative interactions, to suppress the incalculable graphs 
in which soft pions would be emitted from internal lines of a hard particle 
processes, in our case, all these pion couplings naturally come as derivative 
interactions. As an application, we have evaluated the n — n scattering am- 
plitude i?Q defined in Sannino and Schechter [16] and find that the inclusion 
of the higher order derivative terms ameliorate the Rq curve, avoiding vi- 
olation of unitarity, bringing it closer to Roy's curve [17] as given in [16]. 
Within the a'^ terms of the D8-brane DBI action, it was shown in [2] that 
when an infinite tower of massive vector mesons are included, the low energy 
TT — TT scattering is governed only by the chiral lagrangian for pions. We are 
here including the a'^ corrections from the D8-brane DBI action to the chiral 
lagrangian for pions. 

Briefly, in the SS model [1], the D4 background consisting of N^. flat D4- 
branes with one of the spatial world- volume directions r compactified on S^, 
is given by the supergravity solution [18] 

3 3 

where x'^{fi = 0, 1, 2, 3)and r are the directions along which the il'4-brane is 
extended, dQ^, €4, V4 = ^ are the line element, volume form and the volume 
of unit S^, R and Ukk are parameters, the coordinate U is bounded from 
below {U > Ukk), U = Ukk corresponds to a horizon in the supergravity 
solution, gs{— e^'^^) is the string couphng constant and R^ — nggNcil, is 
being the string length. The 4-form is F4 — dCs — ^^^64 with €4 as the 

volume form of 5"^. With r periodic, the conical singularity at U — Ukk 

3 

is avoided by having the period St of r as The Kaluza-Klein mass 

1 

scale is Mkk = §7 = below which the dual gauge theory is effectively 

the same as 4-dimensional YM theory, with Qym — ^ir'^gslsl St. Then the 
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parameters R, Ukk and Qg are 

2 Mkk ' 9 

2 

KM 



(iKK y 

1 

^ _ 9ym . yi^ _ 



The induced metric on the £)8-brane, embedded in the £)4-background 
(1) with U = U{t) is 

3 3 3 ,2 2 

(rf«)L8 - Q\,.dx^dx^ + {(^) + + )'^'^^4, (3) 

where U' = The iVj D8 — DS pairs are separately placed along the 
anti-podal points of r (see figures 1,2 of [13]) and are smoothly interpolated 
with each other. Then, the U (iV/jug x U (iV/) ^jg gauge symmetry breaks in to 
U{Nf) gauge symmetry which is interpreted as a holographic manifestation 
of chiral symmetry breaking in QCD, realizing the chiral symmetry breaking 
by the geometrical connection of D8 and D8 branes. As the probe D8-brane 
world volume is on a plane of constant r, the induced metric (3) can be 
written as 

(ds)l, = (^) + + {^yiP(,i,nl (4) 

with = U^{z) = + Ukkz^- The £)8-brane extends along = 
0, 1, 2, 3) and z directions, wrapping around S^. 

The gauge field on the probe D8-brane has nine components, A^, and 
Ai (\— 5,6,7,8, the coordinates on 5"^). The non-Abehan DBI-action on D8- 
brane is 

Sm' = Tf,j d'xe-^ STr^J -det{gMN + (27ra') i^Miv), (5) 

where a' — is the Regge slope parameter and Tg = ^^^jg^g is the surface 
tension of the D8-hrane. Fmn — QmAn — QmAm + i[AM, ^at], Qmn is the in- 
duced metric on D8-brane given in (4) and Af, N take values (0, 1, 2, 3, • • • 8). 
In (5) STr is the symmetric trace. From (4), we have e~'l'\/ —detguN — 



4 



3 — 

^R2U^j^U^{z)g~^. The gravitational energy of the DS-hrane in general co- 
ordinates is S^^^\am=o and subtracting the gravitational energy as a vacuum 
energy relative to the gauge sectors, 

SEi' - SEi'\AM=o ^TsJ dFxe-t' STr{y/-det(gMN + (27raO^Miv) - y/-detgMN}. (6) 
This is expanded as in [19] to give (we denote the left side of (6) by S£^^) 



-^FmatF^^FrlF^^ - ^FMivF«^F^^F^4 + 0{a'% (7) 
4 o 

Now restricting to 5*0(5) singlets, wc set = and take and to be 
independent of the coordinates of S*^. The integration over the coordinates 
is performed. Then, the full £)8-brane DBI action up to {a'Y terms becomes, 

~SEi' = (^-nR^uij,V,g:'){27:a'f j d'x dz 2Tr [l^ry^^^A.^^^^^^ 

- ^(27raf{j^rj>'''r]'W'v"'\F,AF,pF,^ - ^F.^FpsF^^F^, 

+ -^FtixFpaFapFvS — -^F^ixF^fyFapFps^ 
9 7^3 

+ F^jiX Fq-z Fiijj -Paz Ffxz Fan Fjjz F\qi 



4 Ukk 

'^FnxFjjzFjjffFQiz -\- — 



^ Fij^xFp^Fp^F^^: ~l~ r)Ffj,xFpcrFazFi/z ~\~ „ -^/iA-^crz-^az-^f/? 



~l~ 2^F^zF/jzFcexFi,0- -\- ^Fp^Fjj^^FiifjFf^x Fij^^Fi/^Ff^^Fp^ 
+ T^%^n^''n^"{\Ft.zFa.F,zFxz + F^,F,,FxzF,Ml (8) 
where we follow the normalization Tr{T°-T^) = |(^"^. 



The action in (8) is general up to a'^ terms. The 5-dimensional gauge 
fields Afj^{x, z) and Az{x, z) can be expanded using complete sets of functions 
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of z and a 4-dimensional action can be obtained by integrating over z. We 
use the gauge = (sec [1] and [13] for details of realization of this gauge 
choice). We are interested in the pions only and so we expand as in [1], 

A^{x,z) = U-\x)d^U{x)i,^{z), (9) 

where ^'+(-2) = ^ + ^^'^^"^([7^^) ^"^^ U{x) = e7^'^^^^\ with f^^ as a parameter 
(at this stage) and ti{x^) is the pion field. The function iIj+{z) is closely 
related to the implementation of the gauge — Q [1]. From (9) it follows 
that 

= [u-'d^u,u-^d,u]i,+{z){i,+{z)-i), 
i^.M = u-^^^^u (a,^+(^)) = u-^uu^), (10) 

where — u^z) where U{z) is defined below (4). Substituting 

(10) in (8), we encounter the following 2;-integrals which are numerically 
evaluated. 

jyHz)4(z)dz = (12) 



^Ukk ''-00 



U\z)4{z)dz = 1.275, (13) 

-00 TT 

_^iPl{ij+-lf<Pl{z)dz = ^^-—^ X 7.4545, (14) 

/OO 1 1 



Then, the I?8-brane DBI action in four dimensions becomes 
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+ 2l 

1 , 

+ 



1 /■ 2 

+ T8(27ra')'( - 77^(2^)^) / rf^^-Tr [(^tt^ x 43.7376) 

rji^'^r)^-r)'Y('{[L^, Lx][Ls, L,][L,, Lf,][L„ L„] 

~ g [-^/u ' -^a] [Lp , Ls] [L^ , La-] [La , Lp] 

+ 2^^^'^^^ ' ^"^^ ' ' 
~ -^[LfM,Lx\[Li,,La][La,Lp][Li3,Ls]} 

+ (—2 ^ X 7A545)r)^''r)'''rj"f'{2[L^, L,][L^, L,]L.L, 

+ [-^M , -^a] -^CT [-^1/ , Lp] La + -L^ [Lo- , Lj,] Lp [L\ , La] 

2[-^/U) Lx]LaLa[L^, Lp] + -Lf^Lp[La, Lx][Li,, L^-] 
-LpLp[Ly, L„][La-, Lx\ — [Lp, Lx\[L^, La]LaLp} 
+ {^l^^y''v'''{lLpLaL^L, + LpL^LaL,}], (16) 

where fg = C/L ^^8 ^4 , Lp = [/-^^^C/ and 

= J (17) 

32e2 15.2463 x i?3 ^ ^ 



For Nf = 2, a. lagrangian describing massless pions up to a'^ and four 
derivatives of U{x) is given by the first two and the last two terms in (16) 
which should describe the properties of pion and vr — tt scattering. The first 
two terms reproduce the Skyrme model and the static properties of the pion 
are well described by the hedgehog ansatz [12]. The second term in (16) is 
the familiar Skyrme term introduced by Skyrme to stabihze the soliton. The 
holographic dual model [1] has this term naturally. When massive vector 
mesons (infinite tower) are introduced, as said in the beginning, the contri- 
bution from the Skyrme term for tt — tt scattering gets cancelled and the 
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resulting lagrangian for the pions is just the chiral lagrangian [2]. Thus the 
pion-pion scattering here will be described by the first and the last two terms 
in (16) which are precisely the terms in the phenomenological lagrangian of 
Weinberg [15], with the coefficients (coupling constants) fixed by the param- 
eters of the holographic model. The sixth and eighth derivative terms in (16) 
will contribute to tttt scattering leading to four and six pions. 

Now we consider the tttt tttt scattering. Weinberg [20] obtained the 
TT — TT scattering amplitude for C = —^Tr{LnL^) (the first term in (16)) as 

A{s,t,u) = (18) 

where s, t, u are the Mandelstam variables, s-\-t-\-u — 0. In holographic QCD, 
pion mass can be realized by introducing instantons on the S'^ [21] which will 
not affect (16) except for a mass term for the pions. Then, (18) reads as 

2 

A[s,t,u) = ^^^7T^ with s + t + u = Am\. Sannino and Schechter [16] found 
that the dependence of Rq{s) on a/s did not follow the Roy curves [17] and 
violated unitarity. Following the phenomenological lagrangian of Weinberg 
[15], they [16] introduced four-derivative contact terms (which are the last 
two terms in (16)) with arbitrary coefficients, and adjusted them so as to 
have vanishing contribution from these for threshold scattering. Notice that 
in the holographic model, the couplings are fixed uniquely and they involve 
only the Yang- Mills coupling ym- Further details of pion-pion scattering can 
be found in [21,22]. The chiral lagrangian for pions in the holographic model, 
up to a'^ corrections and up to four derivatives are given from (16) as 

- C4 Tr{-d^U d^U^ d^'U d^'U^ + d^U d^'U^ d^U d^'U^}. (19) 

The {a'Y corrections give the four derivative contact interaction in (19) with 
the dimensionless coupling constant C4 as 

r Trw^4^i^ii:^ 1-173 x IQ-^ 

96 Ukk tt^ gpM 

using (2) and (17). 
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The pion-pion scattering amplitude [16] from (19) is 

A{s,t,u) = '-=-l^-^-^{(t-2rnir + iu-2rnir 

+ {s-2mirh (21) 
for which the partial wave amplitude Tq{s) is 



where T°(s,t,ii) = 3A{s,t,u)+A{t, s,u)+A{u,t, s) with s = 4:{p'^+ml); t = 
—2p'^{l — cos9); u = — 2p ^(1 + cos^), p the 3-momentum and 6 the scattering 
angle of the pion. Then it is straightforward to obtain 

- )^{2(s-2mlf + s' + \(s-imin. (23) 

In Figure. 1, we have plotted Rq{s) as a function of ^/s with and with- 
out a'^ corrections using = 95MeV and for two representative values of 
9ym — '^'^ocs- Curve I is without the a'^ corrections. Curve II is with the 
a'^ corrections using = Areas with the value of = 0.12 at the Z-boson 
mass [23]. This value for Qym is for real QCD at short distances. In view of 
the holographic model used here, it will be consistent to use large Nc value 
for Qyj^. By writing gyj^ as where A = Oym^c, the 'tHooft coupling 

parameter, we adopt the fit for qa in [10] with XNc ~ 26 and shift the denom- 
inator Nc by A'^c + 2 following Dashen and Manohar [24] . The amplitude Rq 
with these is displayed in Figure. 1 as curve III. From the figure, it is seen that 
the a''^ corrections arc important to be consistent with the unitarity. Curve 
III further respects the unitarity bound |i?o| < |. The numerical values for 
R{s) are in qualitative agreement with the real part of the I — 0; £ — par- 
tial wave amplitude using the phase shifts given in [22]. We find the 1 = 1 
amplitude T^(s, t, u) = A(t, s, u) — A(u^ t, s), using (21) is independent of the 
a'^ corrections. The 1 = 2 amplitude A'^{s,t,u) = A{t,s,u) + A{u,t, s) is 
used to calculate the partial wave amplitudes Rl{s) and Rl{s) for £ = 0,2 
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respectively. It is noted that the I — 2;£ = 2 partial wave scattering am- 
plitTide R^is) involves only the a'^ terms after the angular integration. The 
experimental phase shifts from [25] are used to find these amplitudes using 
Rjis) = ^sin{26f) with r]f'^ the 1 = 2 inelasticity parameter set equal to 
unity and compared with our theoretical values in Tables 1 and 2. As the 
experimental phase shifts are available over a bin for ^/s, we have taken the 
median values. 

Table. 1 

The results for Rq{s). The second column is our theoretical values and the 
third colummn is using the phase shifts from [22,25] 



V^(GeV) 


Theory 


\sin{25l) 


0.35 


-0.07 


-0.069±0.035 


0.45 


-0.155 


-0.137±0.015 


0.60 


-0.268 


-0.18±0.027 


0.64 


-0.323 


-0.26±0.023 



Table. 2 

The results for -R|(s). The second column is our theoretical values and the 
third column is using the phase shifts from [22,25] 



(GeV) 


Theory 


^sin{25l) 


0.75 


-0.0082 


-0.015±0.005 


0.80 


-0.011 


-0.04±0.005 


1.0 


-0.03 


-0.035±0.01 



The numerical values are in reasonable agreement with the results using 
the experimental phase shifts. 
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Figure 1 
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Figure 1: Rq{s) — R and x — ^/s in GeV. Curve I is without the a'^ cor- 
rections. Curves II and III are with these corrections for two representative 
values of (^^^ text). 
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